Scaling exponents of the longitudinal and transversal velocity structure functions in numerical Navier-Stokes turbulence simulations with Taylor-Reynolds numbers up to Re ϭ110 are determined by the extended self similarity method. We find significant differences in the degree of intermittency: For the sixth moments the scaling corrections to the classical Kolmogorov expectations are ␦ 6 L ϭϪ0.21Ϯ0.01 and ␦ 6 T ϭϪ0.43Ϯ0.01, respectively, independent of Re . Also the generalized extended self similarity exponents p,q ϭ␦ p /␦ q differ significantly for the longitudinal and transversal structure functions. Within the She-Leveque model this means that longitudinal and transversal fluctuations obey different types of hierarchies of the moments. Moreover, the She-Leveque model hierarchy parameters ␤ L and ␤ T show small but significant dependences on the order of the moment.
I. INTRODUCTION
One of the central issues in turbulence theory has always been whether the velocity structure functions deviate from Kolmogorov's classical expectation.
1,2 For many years the community focused on the longitudinal structure function,
whose inertial subrange ͑ISR͒ scaling exponents we define as p L . ͑Here, e r L is the unit vector in the r direction.͒ The reason for this was that in many experiments Taylor's frozen flow hypothesis [1] [2] [3] had to be employed and therefore, the transversal structure functions,
e r T being a unit vector perpendicular to r, could not be obtained. We denote the scaling exponents of D p T (r) as p T . A priori, there is no reason to expect p L ϭ p T for general p. The probability density function ͑PDF͒ of the longitudinal velocity difference v L (r) is skewed because information from x to xϩr is conveyed by the velocity difference itself, and odd moments of v L (r) thus do not vanish, D p L 0. In particular, for homogeneous and isotropic turbulence the third order longitudinal structure function is connected to the second order one by the Howard-von Karman-Kolmogorov structure equation,
Here, ⑀ is the mean energy dissipation rate and is the kinematic viscosity. The PDF of the transversal velocity difference v T (r), on the other hand, is symmetric and consequently all odd order moments vanish, D p T (r)ϭ0, p odd. Only the second order longitudinal and transversal structure functions are expected to scale the same way 1, 4, 5 in the large Reynolds number limit since for isotropic flow incompressibility implies
Recently, multi-probe and optical techniques made the transversal structure functions experimentally accessible. 4, [6] [7] [8] [9] [10] In addition, also recent numerical simulations of decaying turbulence 11 10 and for decaying ͑nu-merical͒ turbulence by Boratav and Pelz. 11 On the other hand, the recent experiments by Camussi et al. 9 and Kahalerras et al. 13 16 What is the origin of the differences between the results reported in table I? One may think that it is the different geometry of the flows which causes the differences, in particular, a different strength of the local shear and of the anisotropy in the flow. Indeed, the shear in the flow of Ref. 8 is considerable and it is known that shear destroys ESS. 17, 18 On the other hand, at least ␦ 6 L was found to be remarkably independent of different flow geometries. 19 Also, the numerical flow of Ref. 11 which clearly shows ␦ 6 L ␦ 6
T is highly isotropic. But it is decaying which in Ref. 20 is speculated to be a possible origin of the observed 11 discrepancy between longitudinal and transversal intermittency corrections.
In this paper we set out to determine the scaling exponents of the longitudinal and transversal structure functions for forced, statistically stationary numerical Navier-Stokes turbulence up to Re ϭ110. Our motivation is to contribute to clarifying the contradictionary picture reflected in 
. We will calculate the hierarchy parameter ␤ both for the longitudinal and transversal structure functions, very carefully considering the systematic and statistical errors. First, we find significant deviations between ␤ L and ␤ T . Second, we find a slight but also significant dependence of the hierarchy parameters ␤ L and ␤ T on the order of the moment which is not expected within the SL model. The paper is organized as follows: In section II, we define the numerical flow and carefully check its isotropy, in section III we report on various scaling relations, employing ESS and the generalized ESS ͑GESS
15,18
͒; we also calculate the hierarchy parameters ␤ L and ␤ T . In section IV we determine ␦ p L and ␦ p T within a reduced wave vector set approximation of the Navier-Stokes dynamics [25] [26] [27] in which very large Re can be achieved. Conclusions are drawn in section V.
II. SET UP OF THE FLOW AND CHECK OF ITS ISOTROPY
The 3D incompressible Navier-Stokes equations are numerically solved on a N 3 grid with periodic boundary condi- We checked the isotropy of the flow in several ways.
• We calculated the structure functions for different space directions and compared them among each other. For the simulation ''I'' good agreement is found, for ''A'' one space direction is distinguished as expected from the type of forcing, see figure 1. Moreover, for the isotropic simulation we find less than 5% deviations between ͗u 1 2 ͘, ͗u 2 2 ͘, and ͗u 3 2 ͘.
Note that D 2 L (rϭ) and D 2 T (rϭ) ͑we used rϭ as the largest possible space separation in numerical flow with periodic boundary conditions͒ do not equal 2͗u i
3) as expected for experimental, isotropic flow at rϭϱ. We find deviations up to 25% which means that the velocities are still correlated at the space distance of rϭ. For the longitudinal velocities we find a positive correlation of about 25%, for the transversal velocities we find a negative correlation of about 15%. Geometrically, this means that there is a large scale eddy with diameter ϳ. We can not fully exclude that the results on scaling exponents we will report on are influenced by the flow geometry ͑periodic boundary conditions͒. They might be different for different geometries ͑e.g., those in experimental flows͒.
• We checked relation ͑4͒ which only holds for isotropy. 1 For ''I'' there are only large scale deviations, for ''A'' deviations show up down to small scales; see figure 1.
• We checked the relation ͑3͒, see figure 2. It holds for isotropic flow. The agreement is reasonable. However, there still is no developed inertial subrange due to the low Re . The curve looks very similar to the experimental curve for comparable Re ; cf. Fig. 2 of Ref. 8 . In particular, also the experimental curves bend down for large r. The reason for this of course is that at large scales the fluctuations are Gaussian and odd order moments vanish. We ascribe the deviations in the viscous subrange ͑VSR͒ to the lack of perfect convergence of odd moments. This difference remained even for as long averaging times as 140 large eddy turnovers. Also the relation
is not yet fulfilled for this low Re , though the modulus of D 3 T (r) is more than one decade smaller than the modulus of D 3 L (r) for all scales, see figure 2.
• For perfect isotropy, the mean energy dissipation rate ⑀ can be calculated from any component of the strain tensor ‫ץ‬ i u j , e.g.,
͑8͒
For the isotropic flow, these relations hold very well see table II for the anisotropic one there are deviations up to 15%.
• For an isotropic flow, the isotropy coefficient, 28 T (r) ͑for the two directions being perpendicular to r); the dashed line is calculated from relation ͑4͒ which holds for perfect isotropy and homogeneity. For the anisotropic case anisotropy can be seen on all scales; also the ISR slope deviates from the expected value 2 ϭ0.70.
FIG. 2. Third order structure function D 3
L (r), directly calculated from the numerics ͑long dashed͒ and from Kolmogorov's structure equation ͑3͒ ͑solid͒. Also shown are D 3 * L (r) ͑dashed-dotted͒ and ͉D 3 T (r)͉ ͑short dashed͒. The data are for the isotropic Nϭ96 simulation (Re ϭ110).
which compares the longitudinal and transversal energy spectra E 11 (k 1 ) and E 22 (k 1 ) should become 1. figure 3 . Indeed, in general I(k 1 ) is closer to 1 for ''I'' than it is for ''A.'' We do not quite understand the bump around k 1 ϭ2.5 in I(k 1 ) in the isotropic simulation. We tend to ascribe it to the forcing of the modes (Ϯ1,Ϯ1,Ϯ1)/L. The wiggles for very large k 1 are numerical artifacts because of the derivative in eq. ͑9͒.
III. SCALING EXPONENTS FOR LONGITUDINAL AND TRANSVERSAL STRUCTURE FUNCTIONS
To determine the degree of intermittency in the longitudinal and transversal structure functions we employ a type of ESS 14, 30, 18 by calculating generalized structure functions, Ϸ0.874 as found for many other isotropic, even low Re number, experimental or numerical flows. 2, 14, 15 For the physical interpretation of the parameters in the SL model we refer to Refs. 12 and 22. From a phenomenological point of view, one could consider eq. ͑5͒ simply as a two parameter fit of the p 's. The two SL parameters for the transversal scaling exponents can be viewed as a simple way to quantify the degree of intermittency.
We now suggest a method to replace this one twoparameter-fit by two one-parameter fits. To do so, we employ generalized extended self similarity ͑GESS figure 6 and in addition from an averaging over the different space directions. We also checked this for smaller Re ϭ70; the deviations in comparison to the results given in table III are never larger than 0.5%. Moreover, to make sure that our numbers are well converged, we also averaged over only 30, 60, and 90 large eddy turnovers rather than 140; still, the result is the same; the deviations are smaller than the error bars.
To quantify the quality to which GESS holds we checked the relation p,s ϭ p,q q,s , implied by GESS, for various p,q. The error bars up to now stem from statistics. One would like to be able to judge the size of the systematic errors. Therefore, in figure 7 we display the local slope of the curves in figure 6 . Both the longitudinal and the transversal local slope slightly increase ͑modulus-wise͒ with increasing scale ͑i.e., from left to right͒, which shows the limitations of the above statement that GESS is fulfilled with remarkable 
For each p,q we calculate ␤ p,q , resulting from equation ͑12͒, and its error; see table III and table IV . If the SL model were exact, ␤ should not depend on p and q.
In figure 8 we offer a 3D plot of ␤ p,q L,T , together with the error bars resulting from the ͑larger͒ systematic errors of ; cf. table IV. From figure 8 the difference between ␤ L and ␤ T seems to be significant. This result is at variance with the result of Camussi and Benzi 10 who obtained that the difference of both ␤ L and ␤ T to the SL value ␤ϭ(2/3) 1/3 Ϸ0.874 is at most 1.2%ϭ0.010.
Another feature of figure 8 is that ␤ p,q L shows a small trend towards smaller values for larger p,q which is not expected within the SL model. If we average over all ␤ p,q nevertheless, we obtain ␤ L ϭ0.947 and ␤ T ϭ0.870. Knowing ␤, there is only the parameter C 0 left in eq. ͑5͒. If we take the above mean values ␤ L ϭ0.947 and ␤ T ϭ0.870, we obtain as best fits to the p data in figure 5 , C 0 L ϭ9.3 ͑the 2 of the fit is 2 ϭ10) and C 0 T ϭ3.7 ͑with 2 ϭ1), excellently describing the numerical data. We do not ascribe any physical meaning to the parameter values obtained in our fit. Note that for our L data this fit is superior to the SL model with the original parameter values ␤ϭ(2/3) 
with L,T for various pairs p,q determined from the local slope of the GESS type plots, cf. figure 7. The errors are the systematic ones, stemming from the local slope not being constant. In the third and fifth columns, we again give the ␤'s and their errors resulting from eq. ͑12͒. .
͑15͒
With the mean ␤'s obtained above, we plot F pϩ1 (r) vs (F p (r)) ␤ F(r). If eq. ͑13͒ and equivalently eq. ͑7͒ hold, the slope should be 1. Indeed, the slope is very close to 1, see figure 9 and table V, which gives further support for ␤ L and ␤ T being different. The best agreement is found for pϭ4 to pϭ6; see table V. The reason is that the mean ␤'s best agree with ␤ p,q if p,q are around 4-6; see table III. For the other p one could improve the fit by using the corresponding ␤ p,q ; however, note that the sixth order structure function always enters via F(r), cf. eq. ͑15͒.
Moreover, we find a p dependence of the prefactor B p in eq. ͑13͒. Therefore, determining ␤ from eq. ͑13͒ by plotting logF pϩ1 (r) vs logF p (r) for fixed r as a function of p as done in Refs. 9 and 33 does not seem to be possible here.
IV. SCALING RELATIONS WITHIN REWA
Very large Re in numerical turbulent flow can be achieved in the reduced wave vector set approximation ͑REWA͒ of the Navier-Stokes equation. [25] [26] [27] 34, 35 REWA uses a reduced, geometrically scaling subset of wavevectors on which the Navier-Stokes equation is solved. Here we choose a basic set of 50 modes per level. Very high TaylorReynolds numbers up to Re ϭ7ϫ10 4 ͑Refs. 27,34͒ can be achieved, however, flow structures are underrepresented 31 and the intermittency corrections are strongly underestimated. 27, 35 We redid ESS types plots for REWA for Re ϭ8ϫ10 2 and for Re ϭ1.4ϫ10
5 for both the longitudinal and the transversal sixth order structure functions, see figure 10 . There is no detectable difference between the longitudinal and transversal scaling exponents. The absolute value ␦ 6 L ϳ␦ 6 T ϳϪ0.009 is much smaller ͑modulo wise͒ than the experimental or above numerical value ␦ 6 L ϳϪ0.21, as extensively analyzed and discussed in the previous work on REWA. [25] [26] [27] 34, 35 figure 10͒ ; we favor the second interpretation.
We also tried GESS type scaling within REWA. No statistically significant deviations between the p,q L and the p,q T were found.
V. SUMMARY, CONCLUSIONS, AND OUTLOOK
To summarize, we offer strong evidence that the transversal velocity fluctuations show stronger intermittency than the longitudinal ones. Our numerical values for the longitudinal and the transversal scaling exponents p L and p T for forced stationary turbulence agree very well with those of Boratav and Pelz for decaying turbulence; 11 see table I. This finding is independent of Re , at least for the relatively low Re we examined. For an anisotropic flow we essentially obtained the same scaling exponents. Only for the REWA calculations which underrepresent the small scale structures of the flow we do not find a statistically significant deviation between ␦ p L and ␦ p T , however, the relative error is much bigger than for the full simulations.
We reiterate that 2 L ϭ 2 T because of relation ͑4͒; a generalization of this equality to higher order moments pϾ2 is wrong.
GESS is fulfilled with satisfactory precision for both longitudinal and transversal structure functions. The GESS scaling exponents p,q L and p,q T are different. This result is the more remarkable, as those of the longitudinal velocity struc- lg((F p (r) ) ␤ F(r)), varying r. According to eq. ͑13͒, the slopes should be 1, which is pretty well fulfilled for ␤ L ϭ0.947 and ␤ T ϭ0.870. For comparision, we also give the slopes if the SL value ␤ L ϭ(2/3) 1/3 is used for the longitudinal structure function. The deviations of the slope to 1 are larger. The constants B p in ͑13͒ show a slight ture function agree with those of an active 36 or passive scalar 18 or even with those calculated for the magnetic field in MHD; 37 see In the whole analysis we took great care of systematic and statistical errors to get significant statements.
To conclude, there seem to exist independently scaling velocity fields v L (r) and v T (r), i.e., the Navier-Stokes dynamics seems to make use of this degree of freedom being allowed by symmetry. It is very likely that the two different scaling velocities fields will also be reflected in the flow geometry.
A more complete discription of the statistics of the velocity field was recently suggested by L'vov, Podivilov, and Procaccia. 38 These authors point out that because of rotational symmetry only the SO͑3͒ irreducible amplitudes of the velocity structure tensors should obey clean scaling. In Ref. 39 we analyze the scaling properties of these amplitudes numerically and show ͑for fourth order moments͒ how they are connected to the longitudinal and transversal structure functions.
Presently, neither the longitudinal nor the transversal scaling exponents, nor the scaling exponents of the irreducible SO͑3͒ invariants of the velocity correlations 38 can be calculated analytically from the Navier-Stokes dynamics. Many phenomenological models based on various views on how intermittency develops are able to fit the longitudinal intermittency corrections. It should be possible to derive also the transversal intermittency corrections in the framework of the thinking these models are based on in order to check their consistency. The ultimate goal, however, must be to derive both longitudinal and transversal scaling exponents from the Navier-Stokes equation.
